When the pth powers of the operators of a group G of order pm, p being a prime number, generates a subgroup H of order p" which includes the commutator subgroup of G and every operator of G which does not appear in H is of a larger order than the largest operator of H then it results that all the operators of G which are not in H are of order pa + 1 pa being the order of one of the largest operators which appears in H. When G is abelian and a > 0 then m = (a + 1) n/a since all the invariants of G are then equal to pa + 1 hence all the invariants of Hare equal to pa. This results from the fact that the p"h powers of all the operators of a group of order pm are contained in its 4b-subgroup. When G is non-abelian there is no such simple general relation between m and n but it is not difficult to prove that m is finite then also whenever n is a given finite number.
When the pth powers of the operators of a group G of order pm, p being a prime number, generates a subgroup H of order p" which includes the commutator subgroup of G and every operator of G which does not appear in H is of a larger order than the largest operator of H then it results that all the operators of G which are not in H are of order pa + 1 pa being the order of one of the largest operators which appears in H. When G is abelian and a > 0 then m = (a + 1) n/a since all the invariants of G are then equal to pa + 1 hence all the invariants of Hare equal to pa. This results from the fact that the p"h powers of all the operators of a group of order pm are contained in its 4b-subgroup. When G is non-abelian there is no such simple general relation between m and n but it is not difficult to prove that m is finite then also whenever n is a given finite number.
To prove this theorem it may first be noted that the number of operators in a complete set of conjugates of G is finite since n is supposed to be finite and that G cannot contain an abelian subgroup of infinite order since the operators of order p in an abelian group whose order is a power of p generate a group of order pa when a, is the number of the independent generators of this abelian group. The subgroup composed of all the operators of G which are commutative with one of its non-invariant operators has a larger central than G has and its index under G cannot exceed pn. If this subgroup is abelian the order of G is clearly finite. If it is non-abelian its operators which are commutative with one of its non-invariant operators constitute a subgroup whose index under G cannot exceed p2n and whose central is larger than the central of the given non-abelian subgroup. After a finite number of such steps we therefore-arrive at an abelian subgroup and hence it has been proved that whenever the pth powers of the operator of a group of order pm, p being a prime number, generate a finite subgroup which includes the commutator subgroup and is such that each of the remaining operators of the group is of a larger order than the order of the largest operator in this subgroup then m is finite.
When p = 2 then the subgroup generated by the squares necessarily contains the commutator subgroup of G since the quotient group with respect to this subgroup involves no operator whose order exceeds 2 and therefore it is abelian. Hence it results from the preceding theorem that if in a group of order 2m the squares of the operators generate a finite subgroup such that each 6f the remaining operators of the group is of a larger order than the largest operator of this subgroup then m is necessarily finite.
In the special case when n = 1 the cyclic group of order p2 can clearly be used for G and this is the only possibility when p is odd. When p = 2 and n = 1 the quaternion group can also be used for G. When n = 2 and H is non-cyclic all the operators of H are invariant under G since the operators of order p2 in a group of order p3 generate only one subgroup of order p. It therefore results that the order of G can then not exceed p4 whenever p is odd. When p = 2 it follows from the direct product of the two quaternion groups that the order of G can be as large as 64. In fact from such direct products it results that it is possible to construct an infinite system of such groups in which m = 3n, where n may represent any natural number. We proceed to prove that the order of G cannot exceed 64 when p = n = 2.
When H is cyclic this is obvious and hence it will be assumed in what follows that H is non-cyclic. If the order of G would exceed 128 it would contain a subgroup of order 64 having an invariant operator of order 4. This is impossible in view of the theorem that in a group of order 64 having the four group for the group of its squares there are always two abelian subgroups of order 16 which have only this four group in common. These two abelian subgroups would involve eight operators of order 4 whose square would be the same as the square of the given invariant operator of order 4 and hence the group would contain more than three operators of order 2, which is contrary to the hypothesis. There is therefore no group whose order exceeds 128 which satisfies the condition that the squares of its operators generate the four group and that each of its remaining operators is of order 4. We proceed to prove that there is also no such group of order 128 and that therefore 64 is the order of the largest group which satisfies this condition.
If the order of G were 128 then each of its operators of order 4 would have four conjugates since it was noted above that it could not contain a subgroup of order 64 involving an invariant operator of order 4. Hence every operator of order 4 in G would appear in subgroups of order 32 composed of all the operators of G which are commutative with it. Such a subgroup would be non-abelian since it would involve only four operators of order 4 having the same square as the given invariant operator of this order. Its commutator subgroup would be of order 2 and would be generated by the square of one of its non-invariant operators of order 4. All the operators of G would appear in abelian subgroups of type 22, and when such an abelian subgroup is assumed to be given the group of order 32 composed. of all the operators of G which are commutative with one of its operators of order 4 is completely determined.
Let s represent a non-invariant operator of order 4 contained in such a subgroup of order 32 and consider the subgroup of order 32 composed of all the operators of G which are commutative with s. This subgroup of order 32 has 16 operators in common with the given subgroup of order 32 and may be assumed to transform into its inverse the given invariant operator of order 4 of the latter subgroup of order 32. If G exists it can be obtained by extending the group of order 64 generated by the two given subgroups of order 32 by means of an operator of order 4 which is commutative with the product of the two operators of order 4 which are respectively invariant under the two given subgroups of order 32. Since this extendinig operator of order 4 could not have the same square as the operator of order 4 with which it is assumed to be commutative this is impossible and it therefore results that if a group has the property that its squares generate the four group and that each of its remaining operators is of order 4 then the order of the group cannot exceed 64. It is known that there are at least three such groups of order 64. When 
